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Abstract. Computations in Quasi-Multi-Regge kinematics are much simplified using an effective 
theory pioneered by Lipatov. This high-energy effective theory does not come from an integrating 
out procedure, and suitable counterterms and regularization have to be provided beyond tree level. 
In this note we explain this prescription and illustrate it with one- and two-loop examples. 



THE HIGH-ENERGY EFFECTIVE ACTION 

Notable simplifications arise in QCD scattering amplitudes in the multi-Regge limit, 
where center-of-mass energy s ; is much bigger than the momentum transfer for each 
subchannel in a particle production process. In this high-energy region, QCD becomes 
very similar to its supersymmetric counterpart, ,JV = 4 SYM, and two-dimensional con- 
formal invariance, with links to integrability, appears [1, 2, 3]. Moreover, the property of 
reggeization allows to resum the dominant contributions of the form [a s \n{si/ti)] n (and 
a s [a s ln(si/ti)] n , to NLO) within the BFKL approach [4, 5, 6]. The defining hierarchy 
of scales of the high-energy limit calls for an effective theory formulation, where the 
enhanced symmetry properties become more manifest. Moreover, the effective action is 
the most direct way to provide all the necessary elements to build all the contributions 
required by unitarity, that are in general missed by linear BFKL evolution and are only 
partially built in other approaches like the color glass condensate (CGC) [7]. 

The effective action proposed by Lipatov in [8, 9] reads 1 

Scs = SqcD + S md ; S md = J d A xTx [(W+[v(x)} -A+(x))d|A_(x)] + {+ -}, 
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W±[v(x)] = --<9±^exp( --J dz ± v±(z) \ = v± - gv±^-v± + ■ ■ ■ 

where A± is the ^-channel reggeon field, which interacts locally in rapidity with gluon 
fields by means of Wilson lines W±(v). Projection on multi-Regge kinematics im- 
poses the constraints d±A^ = 0. In the original construction, the induced terms in 5i n d 
appeared by requiring gauge invariance of the effective vertices for quasielastic Af-gluon 
production. At each order N, a new induced term has to be added to preserve this prop- 
erty (Fig. 1). Ward identities can be then derived in the form of recurrence relations, 



1 The following Sudakov decomposition applies: k = j(k + n +k n + ) +k), n +i — Ipam/V^i where 
Pa,b are the momenta of the initial particles. 



which in particular allow for a general expression for the Feynman rule of the /V-gluon- 
reggeon effective vertex [10]. The perturbative expansion can then be cast in the form 
of Wilson line (1), something that can be expected on general grounds for the 2d effec- 
tive high-energy theory of QCD [11]. Wilson lines appear as well, following a different 
route, in other formalisms of high-energy QCD like the CGC [12, 13, 14] or the high- 
energy operator product expansion [15]. Integrating out the physical degrees of freedom 
in (1) Gribov's reggeon field theory [16] should be recovered [9]. 




Figure 1. An infinite number of induced vertices are needed to preserve the gauge invariance of the 
reggeon-Af-gluon vertex, for all values of N. 



LIPATOV'S ACTION AND LOOPS 

At leading log accuracy, where no final particles are allowed to be close in rapidity, 
a formulation of the effective action in the Wilsonian sense of integrating out highly 
virtual modes exist [17, 18, 19]. However, no such formulation of the effective action 
for processes beyond multi-Regge kinematics is known at present. Instead, a new term 
is added in (1) to the full QCD action. The apparent overcounting is cured by remem- 
bering that Si n d describes interactions with particles in a limited range of rapidities, 
and in order to preserve quasi-multi-Regge factorization clusters of particles with very 
different rapidities can only be connected through reggeon exchange. This requirement 
can be enforced by an explicit cutoff (Fig. 2), but this becomes really unwieldy when 
loops appear. Another difficulty arising beyond tree level is the appearance of a new set 
of divergences related to the operators d±* in (1), as — > 0. 

In [20, 21] (see [22] for a recent review) a procedure was devised to deal with these 
problems. In the first place, a gauge-invariant regularization was given by introducing 
the tilted light-cone vectors n a,h = n + ~ +e~ p n~ ,+ . The regulator p can be identified 
formally as In s. In the end, one should take the high-energy limit p — > °° and physical 
results must be independent of the regulator p. On the other hand, the cutoff procedure is 
substituted by the subtraction of those diagrams involving nonlocal reggeon exchange, 
as exemplified in Fig. 3. This procedure can be rephrased as a renormalization of the 
reggeon wavef unction and the effective vertices [21, 22]; in this context the subtractions 
can be thought as relevant counterterms for the reggeon action. 




Figure 2. Both diagrams give the same result in the high-energy limit, but only the first one should be 
considered when the interacted particles are far away in rapidity, avoiding overcounting. 



Figure 3. Subtraction of nonlocal contributions in the real corrections to the forward jet vertex. The 
subtraction corrects for the integration region in the loop for which the outcoming gluon carries almost all 
the initial quark momentum, giving rise to a large rapidity separation between the final particles. 



FORWARD JET VERTEX AND GLUON REGGE TRAJECTORY 



The subtraction-regularization prescription has been shown in [20, 21] to reproduce 
the results obtained through unitarity techniques for the 1-loop quark-initiated forward 
jet vertex [23, 24] and the quark piece of the 2-loop gluon trajectory [25]. Recently, 
the gluon-initiated forward jet vertex has also been derived in this formalism [26]. 
Convolution of this jet vertex with the NLO BFKL gluon Green function is expected 
to play a very important role in the description of jet production at the LHC physics 
program. 

An important advantage of the subtraction mechanism is that the powerful techniques 
in the literature can be applied to the computation of the appearing loop integrals (see, 
e.g. [27]). Moreover, it captures subleading terms in the regulator p that would not 
be taken into account by a naive cutoff [22]. The number of relevant diagrams is also 
heavily reduced. In the computation of quark loops for the 2-loop gluon trajectory, 
actually only two independent diagrams proportional to p (Fig. 4) must be computed 2 . 

Having passed a number of nontrivial checks, we expect now to apply this compu- 
tational technique to other processes relevant for high-energy phenomenology, like jet- 
gap-jet events. It would be also interesting to obtain an independent computation of the 
NLO photon impact factor [28] with this technique. Progress is also needed in mathe- 
matically formalizing this program. 



In general, for the computation of the trajectory, involving the self-energy corrections to the reggeon 
propagator, scaling arguments can be given to show that only those diagrams where the reggeon couples 
on both ends to more than one reggeon can be enhanced in p and hence needs to be computed. 




(a) 



(b) 



Figure 4. Relevant diagrams in the high-energy limit for the computation of the piece of the gluon 
Regge trajectory proportional to Nf, subtractions are shown in (b). 
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